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Model solution by perturbation (I)

� See Schmitt-Grohè (2005)
� DSGE as a system of nonlinear expectation stochastic
di¤erence equation

Et f (yt+1, yt , xt+1, xt) = 0
(n�1)

, n = nx + ny

xt
(nx�1)

= state variables (exog or pred)

yt
(ny�1)

= control variables (endogs)

Initial condition x0 +NPG
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Model solution by perturbation (II)

xt =

�
x1t
x2t

�
=

�
predetermined

exogs

�
nx1 + nx2 = nx
Et�1x1t = x1t
x2t+1 = eH(x2t , σ) + σeηεt ,

εt v IID(0, Inx2 )
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Model solution by perturbation (III)
Example of this representation: stochastic growth model

yt = ct

xt =

�
kt
at

�
ny = 1, nx1 = 1, nx2 = 1

)
Et f (yt+1, yt , xt+1, xt) = 0

(3�1)
)

Et

2664 exp(�γct)� β exp(�γct)
�

α� exp[at+1+
(α� 1)kt+1] + (1� δ)

�
exp(kt+1) + exp(ct)� exp [at + αkt ]� (1� δ) exp(kt)
exp(at+1)� φ exp(at)

3775
at+1 = φat + σεt+1
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Model solution by perturbation (IV)

Solution of the model

xt+1 = bH(xt) + σηεt , η =

�
0eη
�

yt = bG(xt)
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Model solution by perturbation (V)

Perturbation method: consider solution as function of state
vector xt and of parameter σ

xt+1 = H(xt , σ) + σηεt , η =

�
0eη
�

yt = G(xt , σ)
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Model solution by perturbation (VI)

approximate with (linear) Taylor expansion around (x, σ)

H(xt , σ) t H(x, σ) +Hσ(σ� σ) +Hx(xt � x)
G(xt , σ) t G(x, σ) +Gσ(σ� σ) +Gx(xt � x)

Here unknowns are the derivatives.
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Model solution by perturbation (VII)

To �nd them plug system solution into (??) to obtain

F (x, σ) = Et f

(
G [H(x, σ) + σηε

0
],

G(x, σ),H(x, σ) + σηε
0
, x

)

F (x, σ) must be zero for any x, σ , all its derivatives must be
zero too

F
[x]k ,[σ]j = [0]
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Model solution by perturbation (VIII)

Approximate around non stochastic steady state (NSSS)

xt = x, σ = 0

such that

f (y, y, x, x) = 0

y = G(x, 0)
x = H(x, 0)
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Model solution by perturbation (IX)

Di¤erentiate F wrt σ

Fσ =

Et

(
fy 0 [Gx (Hσ + ηε

0
) +Gσ]+

fyGσ + fx 0 (Hσ + ηε
0
)

)
=

fy 0 [GxHσ +Gσ] + fyGσ + fx 0Hσ = 0
(n�1)

)

�
(fy 0Gx + fx 0 )

(n�nx )
(fy 0 + fy )
(n�ny )

� 264 Hσ
(nx�1)
Gσ

(ny�1)

375 =

�
0
0

�
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Model solution by perturbation (X)

Homogeneous system: will have unique solution264 Hσ
(nx�1)
Gσ

(ny�1)

375 = � 00
�

(1)
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Model solution by perturbation (XI)

Remarkable result

� approx are simpler than we thought! (good news)
� certainty equivalence principle holds up to FO e¤ects
(good news)

� linear approx gives no role to scale of uncertainty (risk
premia, welfare analysis) (bad news?)
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Model solution by perturbation (XII)

To �nd Gx and Hx , di¤erentiate F wrt x

Fx = Et
n
fy 0 [GxHx ] + fyGx + fx 0Hx + fx

o
=

= fy 0GxHx + fyGx + fx 0Hx + fx = 0
(n�1)

)h
fx 0 fy 0

i � Inx
Gx

�
Hx = �

�
fx fy

� � Inx
Gx

�
)

A
(n�n)

Z
(n�nx )

�
(nx�nx )

= B
(n�n)

Z
(n�nx )

, (GENERALISED EIG)

A =
h
fx 0 fy 0

i
,B = �

�
fx fy

�
,

Z =

�
Inx
Gx

�
P,HxP = P�
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Model solution by perturbation (XIII)
Non linear system. Can be solved by �nding generalised
eigenvalues-vectors

A[ V1
(n�nx )

V2
(n�ny )

]

264 D11
(nx�nx )

[0]

[0] D22
(ny�ny )

375
= B[V1V2])

AV1D11 = BV1 )�
Inx
Gx

�
P = V1 =

�
V11
V12

�
,

� = D11 )
Gx = V12V�111 ,
Hx = V11D11V�111
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Model solution by perturbation (XIV)

Remarks

� need obtain (numerically) fx , fx 0 ,fy , fy 0 : use Matlab
symbolic Toolbox

� can use alternative Schur decomposition
� can use higher order approximations (Fernandex and
Villaverde, An and Schorfheide, Amisano and Tristani):
second order approximation requires solution of additional
linear system.
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Model solution by perturbation (XV)

� Higher order: same approach. take second order
derivatives

� use �rst order derivates as inputs
� solve linear system
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Model in state space (I)

� Dynamic system

(measurement equation) yot = G(xt , vt , θ)
(state equation)xt = H(xt�1,wt , θ)
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Model in state space (II)

� Linear

yot = y+Gxxt +Dvt
xt = Hxxt�1 +Bwt

� quadratic

yot =
1
2
gσσ +Gxxt +

1
2
Gxxvec(xtx

0
t) +Dvt

xt =
1
2
hσσ +Hxxt�1 +Hxxvec(xt�1x

0
t�1) +Bvt
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Filtering problem

� projection

p(xt+1jyot , θ) =
Z
p(xt+1jxt , θ)p(xt jyot , θ)dxt

� update

p(xt+1jyot+1, θ) =
p(xt+1jyot , θ)p(y

o
t+1jxt+1, θ)

p(yot+1jyot , θ)

p(yot+1jyot , θ) =
Z
p(xt+1jyot , θ)p(y

o
t+1jxt+1, θ)dxt+1

Integration steps easy only under very special circumstances
(KF, Hamilton �lter are examples)
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Sequential MC methods

Sequential Monte Carlo (SMC) methods.

� Arulampalam et al. (2002) , IEEE
� Doucet et al. (2001)
� Fernandez-Villaverde and Rubio-Ramirez (2004)
� An and Schorfheide (2005)
� Amisano and Tristani (forthcoming), (2009a), (2009b)

)Filtering by simulation.



The mechanics of model solution State space representation Bayesian estimation

Particle �lter (I)

Simplest way: Particle Filter (PF)
Intuition: compute the likelihood p(yot+1jyot , θ) by:
1. drawing large number of realisations from distribution of
xt+1 conditioned on yot

2. assigning them weight determined by their "distance "
from (compatibility with) yot+1.
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Particle �lter (II)

How does PF work?
Spse N draws to approximate p(xt jyot , θ) (swarm of particles):�

x(i)t ,w
(i)
t

�
, i = 1, 2, ...,N

weight w (i)t in case x(i)t drawn from q(xt) (Importance
sampling):

w (i)t =
p(x(i)t jyot , θ)
q(x(i)t )
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Particle �lter (III)
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One slide crash course in Bayesian inference

Bayes theorem

p(θjy) = p(θ)� p(yjθ)
p(θ)

draw from joint posterior using MCMC algorithms
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Metropolis-Hastings algorithm

� draw from arbitrary distribution

θ� v q(θ, θ(i�1),V)

� compute

α(θ(i), θ(i�1)) = max

(
p(θ�)p(yjθ�)

p(θ(i�1))p(yjθ(i�1))
, 1

)

� draw u v U(0, 1) and set θ(i) = θ� if
u < α(θ(i), θ(i�1)),

� otherwise set θ(i) = θ(i�1)
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